This paper suggests an a¢ ne term structure model of real interest rates to predict changes in real consumption growth. The model is estimated, jointly, by real interest rates and consumption data, and it is found to be consistent with the consumption smoothing hypothesis.
Introduction
There are few studies in the literature estimating term structure models of real interest rates, in contrast to the vast amount of studies on the nominal term structure models (see, e.g., Dai and Singleton (2002), Ang et al (2006) , for a survey). This may be attributed to the lack of availability of real interest rates, for di¤erent maturity intervals. Estimating real term structure models is useful for two main reasons. First, it can indicate the number of factors spanning the real term structure and it will estimate their mean reversion and associated prices of risk. The results of this analysis can be compared to those on the nominal term structure of interest rates. Second, it can explain if the real term structure contains information about future real consumption growth.
The information content of the real term structure of interest rates about real consumption growth has been studied in a number of studies in the literature (see, e.g., Harvey (1988) (2008)). 1 These studies show that the term spread between long and short-term real (or nominal) interest rates appear to contain information about future real consumption growth and economic activity, at short or long horizons. As noted by Harvey (1988) , this information of the term spread can be attributed to the desire of investors to smooth their consumption over time.
This is consistent with the predictions of the consumption capital asset pricing. In addition to the term spread, evidence suggests that the level of real (or nominal) short-term real interest rate also contains information about the future real consumption growth beyond that implied by the term spread.
This paper contributes into the above literature on many fronts. First, using real consumption and term structure data, instead of nominal, it estimates an empirically tractable Gaussian dynamic 1 Note that there is also a close related literature which studies and con…rms the leading indicator property of the term structure for real economic activity and consumption growth and, in particular, of the term spread between the long and short term interest rates (see, e.g., Stock and Watson (1989) , Estrella (1997) and Jardet (2004) ). These papers however rely on the term spread between nominal interest rates, following Donaldson et al (1990) .
term structure model and derives estimates of the underlying unobserved factors spanning the term structure of real interest rates. Then, it examines if this model …ts satisfactorily into the data and tests its cross-section restrictions implied by no-pro…table arbitrage conditions in the bond market. This is done based on an econometric framework, which apart from real interest rates and excess holding period returns, it also includes consumption data. Second, it employes the model to investigate if the short-term real interest rate and its spread with real long-term interest rates can predict future real consumption growth, over di¤erent horizons ahead. To this end, the paper derives closed form formulas of the slope coe¢ cients of these two variables in consumption growth regressions, where they are regressors.
The results of the paper lead to a number of interesting conclusions. First, they show that our term structure model is consistent with the consumption smoothing hypothesis. Second, it …nds that there are two common factors which can explain almost all of variation of the term structure of real interest rates. These factors are closely correlated with their estimates retrieved from the data based on principal component analysis. The parameter estimates of the real term structure model indicate that the …rst of the two factors spanning the real term structure exhibits very slow mean reversion, while its associated price of risk is very small. This factor can explain level shifts in real interest rates. The opposite happens for the second factor, which determines the slope of the term structure. This factor has a much higher mean-reversion and price of risk than the …rst factor, and it can explain the ability of the real term spread to forecast future real consumption growth over di¤erent horizons ahead.
The paper is organized as follows. Section 2 presents the real term structure of interest rates and derives closed form solutions of the slope coe¢ cients of the consumption growth regression model, using the short-term interest rate and its spread with a long-term interest rate as regressors.
Section 3 carries out the empirical analysis. This section also includes unit root tests and principal component analysis for real interest rates. The unit root tests can con…rm if real interest rates constitute stationary series, as it is assumed by a¢ ne term structure models. The principal component analysis can indicate the number of unknown factors spanning the real term structure of interest rates. Our empirical analysis is based on data from the US economy. Section 4 concludes the paper and summarizes some of its more important results.
Model setup
Consider an economy with production and stochastic investment opportunity sets (see, e.g., Cox,
Ingersoll and Ross (CIR) (1985a, 1985b), or Longsta¤ and Schwartz (1992) ). The investment opportunity set consists of contingent claims (e.g., zero-coupon bonds), a riskless asset and a stochastic production process. We assume that this economy is characterized by K state variables, denoted as x it , at time t, where i = 1; 2; :::; K. These variables obey the following uncorrelated Gaussian processes:
where W it denotes a Wienner process, k i and i are the mean-reversion and volatility parameters of processes x it , while i are their long-run means. These state variables constitute common factors which determine real consumption C t in the economy. If in ‡ation is a constant rate (see, e.g., Harvey (1988) , it can be proved that real consumption growth dCt Ct obeys the following process:
where c is a constant which depends on in ‡ation rate and the proportion between consumption and wealth, and W ct is a Wienner process. By solving forward equation (2) , it can be shown that the expected growth rate of real consumption from current period t to a future period t + (i.e.,
-horizons ahead) is given as 
where c t+ = ln(C t+ =C t ) and 1i ( ) = (1 e ki )(k i ) 1 .
In the above economy, the real price of a zero-coupon bond with a -period maturity, denoted as P t ( ) and, hence, its associated real interest rate, denoted as R t ( ), can be derived by solving the following pricing kernel relationship:
where
Mt+
Mt is the pricing kernel. This is assumed that is given as
where r t is the instantaneous real interest rate or short -term rate and it are the risk pricing functions, for i = 1; 2; ::; K. For short-term rate r t , it is assumed that
The risk pricing functions it evaluate the K-independent sources of risk associated with factors x it . Following Du¤ee (2002), we will assume that functions it are linear in factors x it , i.e.
Substituting equations (1), (5), (6) and (7) into pricing kernel equation (4) yields the following zero-coupon real bond pricing formula:
where X t is a (KX1)-dimension vector collecting all state variables (factors) x it , i.e. X t = (x 1t , on bond pricing formula (8) . From this, we can obtain a pricing formula for real interest rates of zero-coupon bonds R t ( ), with maturity interval , as
Closed form solutions of value functions A i ( ) and B i ( ) can be obtained by solving a set of ordinary di¤erential equations under no arbitrage pro…table conditions (see Du¢ e and Kan (1996)). For our
Gaussian dynamic term structure model (GDTSM), described above, these solutions for B i ( ) are analytically given as follows:
where e k i constitutes a risk-neutral measure of mean-reversion parameter k i . These solutions imply a set of cross-section restrictions on the term structure loading coe¢ cients B i ( ), for all i, which can be tested, in practice.
The above GDTSM of real interest rates implies that the expected excess holding period real return of a -period to maturity zero-coupon bond over short-term interest rate r t , referred to as term premium (see, e.g., Tzavalis and Wickens (1997), Bolder (2001) and Du¤ee (2002) ), is given as as follows:
Joint estimation of the last relationship and interest rates formula (9) (with, or without, crosssection restrictions (10)) will enable us to identify the price of risk slope coe¢ cients discrete-time, we consider the one-period (e.g., one-month) interest rate as short-term interest rate, r t , and we assume continuously compounded interest rates, implying R t ( ) = 1 log P t ( ). Then, h t+1 ( ) r t can be written as follows:
Term structure forecasts of consumption growth
The forecasting implications of the term structure of real interest rates R t ( ) about future consumption growth periods ahead, de…ned as c t+ where c t = log C t , can be investigated by equations (3), (9) and (6) . These equations show that both c t+ and R t ( ), for all , are driven by K common unobserved factors x it , for i = 1; 2; ::; K. Substituting out these factors from relationships (3) and (9) implies that c t+ can be written as a linear function of short-term rate r t and its spreads with long-term interest rates, de…ned as
denotes a long-term interest rate with maturity interval L . To see this more rigorously, assume that the number of common factors x it are K = 2, as will be con…rmed by our empirical analysis in the next section. Then, equations (9) and (6) imply the following system of equations for short-term interest rate r t and spread Sp t ( L ):
, which can be written in a more compact notation as
where A
Based on equation (12), we can derive the following relationship:
where 1 ( ) 0 ( 11 ( ); 12 ( )) (see (3)). This can be done by writing equation (3) 
where u t+ denotes a disturbance (error) term. According to (13) , the slope coe¢ cients of this regression model 1 ( ) and 2 ( ) are given in closed form as
The analytical solutions of slope coe¢ cients 1 ( ) and 2 ( ), given by formulas (15) and (16) we analyze the e¤ects of k i on 1 ( ) and 2 ( ), assuming for analytic convenience that
The results of this analysis can be used to explain the pattern of the estimates of 1 ( ) and 2 ( ) with , observed in practice.
First, consider the case of B 1 (0)=B 2 (0)=1:00 (as assumed in many theoretical studies, see Kim and Orphanides (2012), inter alia). In this case, formulas (15) and (16) 
This case predicts that 2 ( ) is close to zero, which is not also consistent with evidence provided in the literature (see introduction).
Second, consider the case where B 1 (0)=1:00 and B 2 (0)= 1:00; which are close to our estimates of B i (0) reported in Section 3.2. Then, formulas (15) and (16) imply that, for k 1 ! 0 and k 2 ! 0, we have: These results imply that mean reversion increases the forecasting power of both of r t and Sp t ( L ) on c t+ , as is expected by the theory. 
Empirical analysis
Based on data on real interest rates and real consumption, in this section we estimate and test the GDTSM presented in the previous section and we examine if this term structure model can explain the pattern of the slope coe¢ cients of short-term interest rate r t and spread Sp t ( L ), 1 ( ) and 2 ( ), respectively, observed in reality. interest rates series used in our empirical analysis, covering a wide spectrum of maturity intervals from one month to …ve years (i.e. = 60 months). This very broad set of real interest rates will be used in our analysis to examine the number of factors spanning the real term structure and to consider alternative maturity interval long-term spreads Sp t ( L ) as regressors in (14) .
As it can be seen from Figure Our empirical analysis has the following order. First, we carry out unit root tests for all real interest rates R t ( ) employed in our estimation and testing procedures. These tests are critical in choosing the correct econometric framework for estimating and testing our GDTSM, avoiding any spurious regression e¤ects. The latter can appear in estimating (14) , if interest rate r t or spread Sp t ( L ) are integrated series of order one. Second, we conduct principal component (PC) analysis with the aim of determining the maximum number of common factors (state variables) K which explain the total variation of R t ( ) in our sample. Since principal component factors constitute well diversi…ed portfolios of interest rates which are net of measurement or pricing errors e¤ects in R t ( ), they can be employed as instruments in the estimation of the GDTSM to minimize the bias e¤ects of the above errors on the parameter estimates of the model (see, e.g., Argyropoulos and
Tzavalis (2012)). Third, we estimate and test the GDTSM, with and without consumption data.
The estimates of the model are then used to examine if the pattern of slope coe¢ cients 1 ( ) and 2 ( ) observed in reality is consistent with that predicted by the theory. In this part of the paper, we also examine if the random walk model of real consumption constitutes a better forecasting model than (14) .
Unit root tests
To test for a unit root in the level of real interest rates R t ( ), 5 we carry out a second generation ADF unit root test, known as e¢ cient ADF (E-ADF) test (see, e.g., Elliott et al. (1996) , Elliott (1999), and Ng and Perron (2001)). This test is designed to have maximum power against stationary alternatives to unit root hypothesis which are local to unity. Thus, it can improve the power performance of the standard ADF statistic often used in practice to test for a unit root in R t ( ):
Values of E-ADF unit root test statistic are reported in Table 1 . This is done for real interest rates R t ( ), with maturity intervals ={1, 3, 6, 12, 24, 36, 48, 60} months. Note that, in addition to E-ADF, the table also presents values of P T unit root test statistic, suggested by Elliott et al.
(1996) as alternative to E-ADF. To capture a possible linear deterministic trend in the levels of R t ( ) during our sample, both statistics E-ADF and P T assume that the vector of deterministic components D t employed to detrend R t ( ) contains also a deterministic trend, i.e.
The results of the table clearly indicate that, despite the fact that the values of the autoregressive coe¢ cients are close to unity, the unit root hypothesis for R t ( ) is rejected against its stationary alternative, for all considered. This is true at 5%, or 1% signi…cance levels. The estimates of the autoregressive coe¢ cient reported in the table indicate that R t ( ) exhibit a slow mean reversion towards their long-run mean, especially those of longer maturity intervals of 36 and 60 months. 5 Evidence of high persistency in real intrest rates can be found in Neely and Rapach (2008). 6 Evidence provided in the literature on unit root tests for interest rates series is mixed. Earlier studies based on single time series unit root tests, such as the standard ADF test, can not reject the null hypothesis of a unit root (see, e.g., Hall et al. (1992) 
is the detrended interest rate series R t ( ). b GLS ( ) is the GLS estimator of the quasi di¤erences of interest rates, de…ned as d(R t ( )j ) =Rt( ) R t 1 ( ) at the value of local parameter = 1 13:5=T , on
2 is an estimator of the residual spectrum at frequency zero. Critical values of test statistics E-ADF and P T are provided by Elliott et al. (1996) :The lag-order of the auxiliary regressions p used to carry out the tests are chosen based on the SIC criterion. This is found to be p = 1, for all maturity intervals examined. (*) and (**) mean signi…cance at 5% and 1% levels, respectively.
Principal component analysis
Principal components (PC) analysis can retrieve a K number of common factors spanning the term structure of real interest rates R t ( ) (or their …rst di¤erences R t ( )), denoted as pc it , for i = 1; 2; ::; K. This can be done by the spectral decomposition of the variance-covariance matrix of R t ( ), for = 1; 2; :::; N , denoted as R , i.e.
where N > K, is a diagonal matrix of dimension (N N ). 7 The elements of are the eigen values of matrix R . is a (N N )-dimension orthogonal matrix whose columns are the eigen vectors corresponding to the eigen values of matrix R . Given estimates of and , the (K 1)-dimension vector of principal component factors pc it , de…ned as P C t = (pc 1t ; pc 2t; :::; pc Kt ) 0 , can be retrieved from the (N 1)-dimension vector of interest rates series R t ( ), denoted as R t , as follows:
where R is the sample mean of vector R t . Note that, due to the rotation problem of PC analysis, pc it may not correspond one-to-one to unobserved factors x it , for all i. However, they will be very highly correlated with x it , as they constitute portfolios of R t ( ). Furthermore, as is noted in Joslin and et al (2011), their estimates will diversify away any measurement or pricing error in R t ( ).
Our PC analysis relies on a set of N = 60 real interest rates R t ( ), spanning a very wide maturity spectrum from one month to …ve years (sixty months). This is a large cross-section set of R t ( ) which guarantees that the retrieved by the PC analysis common factors pc it will e¢ ciently span the real term structure of interest rates and its unobserved factors x it . Figure 3 graphically presents the estimates of pc it , for i = 1; 2, retrieved by our PC analysis. These correspond to the …rst two largest in magnitude eigen values of matrix R , which are found to explain 99.96% (or 99.87%) of the total variation of the levels of R t ( ) (or their …rst di¤erences R t ( )), over all , as shown in the following 
where v i is the eigen value of matrix R and tr(V ) stands for the trace of the matrix of the eigen values of R , denoted as V .
pc 2t , obtained through our PC analysis, explain almost all the variation of the term structure of real interest rates R t ( ). 9 The …rst factor pc 1t explains the largest part of this variation, which is about 95% of the levels of R t ( ), or 93% of their di¤erences R t ( ). Its remaining part, which is about 5% for R t ( ) (or 7%, for R t ( )), is explained by the second factor pc 2t . Although the proportion of the total variation of R t ( ) explained by pc 2t is very small, this can explain the slope of the real term structure. As can be seen by the graphs of pc 1t and pc 2t , given by Figure 3 , most of the variation of pc 1t can be attributed to the turmoils of the US bond market in period [2001] [2002] [2003] and year 2008. These turmoils have caused shifts in the levels of R t ( ) (see also Figure 2 ). The second factor pc 2t has been also a¤ected by these events, but at a less extent. This factor oscillates less than pc 1t over the whole sample. To gain some economic insight of principal component factors pc 1t and pc 2t , in Figure 4 we graphically present estimates of their loading coe¢ cients on the …rst di¤erences of interest rates 9 Note that these two factors explain a total variation in real interest rates Rt( ) which is analogous in magnitude to that of nominal interest rates captured by three factors (see, e.g., Litterman and Scheinkman (1991) , and, more recently, Argyropoulos and Tzavalis (2012)).
R t ( ).
In Tables 2A and 2B we report some useful descriptive statistics for them, including E-ADF and P T unit root test statistics. 10 The results of these tables allow us to investigate stochastic features of pc it , which have economic meaning. Table 2A also reports values of the correlation coe¢ cients of pc 1t and pc 2t with the level of the two year long-term interest rate R t (24) and the spread between the …ve-year and one-month interest rates, denoted Sp t (60) R t (60) r t . These two variables are found to have the maximum degree correlation with pc 1t and pc 2t , respectively. constitute stationary series. These results are consistent with those on unit root tests for real interest rates R t ( ), reported in Table 1 . Figure 4 indicates that the loading coe¢ cients of the …rst factor pc 1t on R t ( ) decays with maturity interval , but with a very slow rate. On the other hand, the loading coe¢ cients of the second factor pc 2t on R t ( ) increases with maturity interval , but with a much faster rate than that of …rst factor pc 1t . These patterns of the loading coe¢ cients of pc 1t and pc 2t on R t ( ) are similar to those found in the empirical literature of the nominal term structure (see, e.g., Litterman and Scheinkman (1991)). Thus, …rst principal component factor pc 1t can be interpreted as a "level" factor. This can explain almost parallel shifts in the whole term structure of real interest rates. This factor is found to be highly correlated with the levels of real interest rates, e.g., the two-year interest rate R t (24). The second principal component factor p 2t can be given the interpretation of a "slope" factor, since it determines the slope of the real term structure. This factor is found to have maximum correlation with long-term spread Sp t (60) (see Table 2A ). The very high values of correlation coe¢ cients of pc 1t and pc 2t with R t (24) and Sp t (60), respectively, reported in Table 2A , means that, in the estimation of the GDTSM, variables R t (24) and Sp t (60) can be employed as appropriate instruments (vehicles) to retrieve estimates of unobserved factors x it from our data, by inverting pricing relationship (9).
The close relationship between x it and pc it , expected by the theory of Section 2, means that pc it can be also employed to provide forecasts of consumption growth rate c t+ . Table 3 presents least squares (LS) estimates of the slope coe¢ cients of the regression of c t+ on principal component factors pc it , for = 1; 2; 3; 6; 9 and 12 months. This can be thought of as an alternative consumption forecasting model to (13) . Note that, in addition to the …rst two principal component factors pc 1t
and pc 2t , in this regression model we also include the third principal component factor pc 3t , as a regressor. This is done in order to examine if this factor, whose e¤ect on real term structure variation is almost zero, has any signi…cant information about c t+ .
The results of Table 3 clearly indicate that pc 1t and pc 2t contain signi…cant information about c t+ , as expected by the theory. This information tends to increase with . Consistently with the results of our PC analysis, the third factor pc 3t is found to have no information about c t+ , for all . Summing up, the results of this section imply that two factors can su¢ ciently explain almost all the variation of the real term structure. The …rst two principal component factors of the real term structure obtained by our PC analysis are found to have substantial forecasting power on future consumption growth up to one year ahead. 
Estimation of the real term structure model
Having established good grounds to support that two common factors can explain almost all the variation of the real term structure of interest rates, in this section we estimate the GDTSM presented in Section 2, assuming K=2. This model consists of the following structural equations:
] + t+1 ( ), = 0; 1; 2; :::; N (17)
1 B 2 ( )x 2t + e t+1 ( ), = 1; 2; ::N (18)
These correspond to the theoretical formulas (9), (11), (1) and (3) of the GDTSM, presented in Section 2. Note that, for the real short-term rate r t , equation (17) assumes that
], which corresponds to formula (6). The expectation terms
] and E t [ x 2t ] are estimated through equation (19) of the system. Apart from any possible mispeci…cation errors, the error term of equation (17) t+1 ( ) can re ‡ect measurement or pricing errors (see, e.g., Diebold et al (2006) ). These can be attributed to the fact that long-term zero coupon bond prices constitute approximations of coupon-bearing bond prices.
The above system of equations, in addition to equations (17) and (19) often used to estimate a¢ ne term structure models of nominal interest rates (see, e.g., Dai and Singleton (2002) , and Ang, Piazzesi and Wei (2006)), also includes the set of excess return equations (18) . As mentioned in Section 2, this set of equations helps to identify key parameters of the term structure model from the data, like the mean reversion and price of risk parameters k i and (1) i , respectively. The latter determines the time-varying component of the term premium, as shown by equation (11).
To estimate the system of equations (17)- (20), we employ the Generalized Method of Moments (GM M ) (see Hansen (1982) ). This method can provide asymptotically e¢ cient estimates of the vector of parameters of the systems which are robust to possible heteroscedasticity and/or serial correlation of error terms t+1 ( ); e t+1 ( ); $ it+1 and v t+ ( ). In the estimation procedure, we impose the no-arbitrage restrictions given by equation (10) on loading coe¢ cients B i ( ). The values of unobserved factors x it involved in the system will be obtained by inverting the following interest rates pricing relationship (12), i.e.,
following Pearson's and Sun (1994) approach, where B is de…ned by (12) and vector of series Z t consists of z 1t = R t (24) and z 2t = Sp t (60). As shown in Table 2A , R t (24) and Sp t (60) are found to have the maximum degree of correlation with the principal component factors pc 1t and pc 2t , respectively, and thus may be less a¤ected by measurement errors. All constants of the system are left unrestricted in the estimation procedure, as they can re ‡ect possible imperfections of the bond market. As R t ( ), real consumption growth 1 c t+1 is given in percentage terms, i.e. 
which are estimated simultaneously with our system of equations (17)- (20). This procedure minimizes the e¤ects of pricing, or measurement, errors of interest rates R t ( ) on retrieving estimates of unobserved factors x it through X t = B 1 (Z t A ). This can be attributed to the fact that principal component factors pc it constitute well diversi…ed portfolios of interest rates R t ( ), if a large set of R t ( ) is used to retrieve them. Thus, they can eliminate the e¤ects of measurement or pricing errors in R t ( ), or Sp t ( ), on the estimates of x it . Table 4 : GMM estimates of system (17)-(20) Notes: The table presents GMM estimates of parameters k i and i of the system of equations (17)- (20) Notes: Panel A presents GMM estimates of parameters k i and i of the system of equations (17)- (19) , without including in it consumption growth equation (20) . These are based on observed values of vector Z t when inverting relationship (12) . Panel B presents GMM estimates of k i and i of the above system based on projected values of vector Z t on principal component factors pc it (see equation (21)). The estimates of the slope coe¢ cients d 1i and d 2i of this regression are also given in the table. Heteroscedasticity and autocorrelation consistent (Newey-West) standard errors are reported in parentheses. J(:) is Sargan's overidentifying restriction test, distributed as chi-squared with degrees of freedom given in prostheses.
These are equal to the number of orthogonality conditions employed in the GMM estimation procedure minus that of the parameters estimated.
The results of Tables 4 and 5 lead to a number of interesting conclusions. First, they show that the speci…cation of our two factor GDTSM, presented in Section 2, is consistent with the data, which supports the consumption smoothing hypothesis. This is true independently of weather consumption growth equation (20) is included in the estimation of system of equations (17)- (20), or not. This result can be justi…ed by the value of Sargan's overidentifying restrictions test statistic, denoted as J(:), reported in the table. At 5% signi…cance level, J statistic can not reject the orthogonality conditions implied by the system of structural equations (17)- (20) (2005)). In particular, the estimates of k i imply a very slow mean reversion for the …rst unobserved factor x 1t , which is very close to zero, and a much faster for the second factor x 2t . The reported values of mean-reversion parameter k 2 imply values of the autoregressive coe¢ cient of the descretized process (1) for x 2t , which are much smaller than those implied by the estimates of unit root auxiliary autoregressive models for R t ( ) and pc it . This can be obviously attributed to the fact that R t ( ) and pc it constitute linear transformations of unobserved factors x 1t and x 2t , which exhibit di¤erent degree of mean reversion.
Regarding the estimates of price of risk parameters (1) i , the results of the tables indicate that these are signi…cant for both factors x 1t and x 2t . This result means that time-varying risk premia e¤ects associated with both factors x 1t and x 2t are priced in the bond market. According to (11), the negative values of imply that term premium embodied the real term structure is positive. Note that the estimate of (1) 2 , related to the second factor x 2t is bigger in absolute value than that of factor x 1t . As will be seen latter on, this factor captures the slope of the term structure. Its higher price in absolute terms reduces the mean-reversion parameter k 2 of factor x 2t under the risk neutral measure, due to risk aversion e¤ects.
The di¤erent sets of values of parameters k i and To see if x 1t and x 2t are closely related to principal component factors pc 1t and pc 2t , in Figures 5 and 6 we graphically present estimates of them vis-a-vis those of pc 1t and pc 2t presented in Figure 3 .
The estimates of x 1t and x 2t presented in the …gures are based on the parameter estimates of system (17)- (20) relying on the projected values of Z t , reported by Panel B of Table 4 . Inspection of the graphs of the above …gures clearly indicate that, as was expected, there is a very close relationship between the estimates of x 1t and pc 1t , and between x 2t and pc 2t . However, there is no one-to-one correspondence between x it and pc it , for i=f1; 2g. The estimates of x it are smoother than those of pc it , especially for factor x 1t . These results imply that, in estimating GDTSMs, replacing unobserved factors x it with estimates of principal component factors may lead to inaccurate estimates of the parameters of these models. 
Real term structure forecasts of consumption growth
In this section, we examine if the forecasting ability short-term real rate r t and term spread Sp t ( L ) about future consumption growth c t+ , found in the literature (see related studies in the introduction), is in accordance with the theory. Our analysis is mainly interested in examining if the estimates of the key parameters of the GDTSM k i and it can match the pattern of the LS estimates of the slope coe¢ cients of the consumption forecasting regression model (14) , 1 ( ) and 2 ( ), observed in practice. In addition to this, we also examine the out-of-sample forecasting ability of model (14) relative to that implied by the random walk model of real consumption with drift, suggested by Hall (1978) . As is noted in the literature (see, e.g. Du¤ee (2005) ), the latter is a hard model to beat in forecasting real consumption level, or its growth rate. Table 6A presents LS estimates of the slope coe¢ cients of regression model (14),
This is done for two di¤erent spreads of interest rates: Sp t (60) = R t (60) r t and Sp t (36) = R t (36) r t , and for = 1; 3; 6; 9,12 months ahead. 
where c d is a consistent estimate of the asymptotic (long-run) variance of p T d: 1 2 The GR statistic is based on the testing principle that, if the forecast performance of a model does not break down, then there should be no di¤erence between its expected out -of -sample and in-sample performance. It is de…ned as GRm;n;t = SLm;n b 2 m;n = p n , where SLm;n is the average surprise loss given as SLm;n =
; for t = m; ::; T , where n T m + 1 is the number of out-of-sample observations and m is the sample window of our initial estimates. Another interesting conclusion that can be drawn from the results Table 6A is that the LS estimates of the slope coe¢ cients 1 ( ) and 2 ( ) of model (14) increase with . To examine if these estimates of 1 ( ) and 2 ( ) can match those implied by the parameter estimates of the GDTSM, over di¤erent , in Table 7 we present estimates of the latter against the LS estimates.
The estimates of 1 ( ) and 2 ( ) implied by the GDTSM are derived based on relationship (15) and the estimates of parameters k i and
(1) i reported in Panels A and B of Table 4 .
The results of Table 7 clearly indicate that the pattern of the LS estimates of coe¢ cients 1 ( ) and 2 ( ) with maturity horizon , reported in Table 6A , is consistent with that implied by the estimates of our GDTSM. The implied by the GDTSM estimates of 1 ( ) and 2 ( ) are close to their LS estimates, even for the forecasting period of = 12 months. These lie within the two standard deviations con…dence interval of the LS estimates of them. As is predicted by the analysis of subsection 2.1, the estimates of slope coe¢ cient 2 ( ) are bigger than those of 1 ( ), since the second factor x 2t driving the real term structure is strongly mean reverting. This is true for both sets of implied values of 1 ( ) and 2 ( ), reported in the table. These results are also consistent across the two di¤erent spreads Sp t ( ; ), i.e. Sp t (60) = R t (60) r t and Sp t (36) = R t (36) r t , considered in our analysis. Table 4 , Panel B) (see Table 6A ) 
i , reported in Panels A and B of Table 4 , respectively. This is done against the LS estimates of these coe¢ cients, reported in Table 6A .
Conclusions
This paper suggests a Gaussian dynamic real term structure model to explain the ability of the short-term real interest rate and its term spread with longer term real interest rates to forecast future changes in real consumption growth. The paper …ts the model into real term structure and consumption data from the US economy, and it provides a number of interesting results which are consistent with the consumption smoothing hypothesis.
First, it shows that two stationary common factors can explain most of the variation of the real term structure of interest rates. The …rst of these two factors, which exhibits very slow mean reversion, can explain persistent shifts in the levels of real interest rates. This factor is found to be a¤ected more strongly by the recent …nancial crisis and the stock market crises of period [2001] [2002] [2003] , which also a¤ected the US bond market. The second factor, which has higher degree of mean reversion, can explain the slope of the real term structure.
Second, the estimates of the price of risk parameters reported by the paper indicate that both of the above factors are priced in the market and, thus, they can explain time variation of excess holding period returns of the market. The estimates of the price of risk and mean-reversion parameters of the two term structure factors retrieved by our data are also found to be consistent with the crosssection restrictions of the real term structure model suggested by the paper. These restrictions arise by ruling out pro…table arbitrage conditions of the market. They are tested based on a structural system of equations consisting of real interest rates, excess holding period real returns, re ‡ecting term premia e¤ects, and real consumption growth.
Finally, the paper rigorously shows that the forecasting ability of the short-term real interest rate and its spread with long-term real interest rates about future real consumption growth, over di¤erent periods ahead, can be consistently explained by the common factor representation of the real term structure and consumption growth. This forecasting model of consumption growth is found to perform better than that implied by the random walk model of real consumption level.
